We disprove a conjecture made by Rajesh Pereira and Joanna Boneng regarding the upper bound on the number of doubly quasi-stochastic scalings of an n × n positive de nite matrix. In doing so, we arrive at the true upper bound for × real matrices, and demonstrate that there is no such bound when n ≥ . 
In this paper, we will show that Conjecture 1.2 does not hold in general for n ≥ . In Section 2, we arrive at the true upper bound for 3x3 real matrices, and give conditions on when this upper bound is attained. Section 3 is devoted to showing that there is no such upper bound when n ≥ . This is achieved by giving an example of an n × n positive de nite matrix with in nitely many scalings.
We take this opportunity to remind the reader of the concept of a circulant matrix.
De nition 1.3. An n × n matrix A = (a ij ) is called circulant if a i j = a i j whenever j − i = j − i where subtraction is taken modulo n.
It is well-known (see, for example [7] ) that the eigenvectors of the circulant matrix are
) where {ω i } n i= is the set of n-th roots of unity. As shown in [6] , we can use the fact that D i = √ n(diag(v i )) is unitary to show that if A is a DQS circulant matrix with no zero entries, each of these D i will correspond to a scaling of A. That is, E * i AE i is a unique scaling of A, where E i = kD i , k an appropriately chosen real constant. This provides us with n elements of sc(A). We will show that in the 3x3 real case, there is almost always 3 more (that is, sc(A) = ).
The remainder of this section will introduce some preliminary results that will be referenced throughout the sections that follow.
Firstly, as we will be interested in the cardinality of sc(A), it will help to note that given B ∈ sc(A), our choice of D which scales A to B is not unique. Indeed, the following lemma will be of great use to us: We will call D and D equivalent if D = ωD (for some |ω| = ). We conclude this section by introducing the following two results that will make our lives signi cantly easier. (Proposition 1.6 is intrinsically proven in [6] , although never explicity stated. We include a proof here for completeness). Proof. We will show that given an n-dimensional sign pattern (+/−, +/−, +/ − ..., +/−), there is at most one 
Upper bound for 3x3 real matrices
In this section, we will show that Conjecture 1.2 is false for real 3x3 matrices by constructing a counterexample with 6 scalings. We will also prove that this is the true upper bound for 3x3 real positive de nite matrices. We now focus on proving the upper bound in Theorem 2.1. For simplicity, we will often want to be able to assume that A has no zero entries. To this end, we deal with the zero entry case rst: Proof. As A has (at least) 2 zero entries, a αβ = a βα = , it is permutationally similar to a tridiagonal matrix (that is, P − AP = P * AP is tridiagonal, for some permutation matrix P). Now, suppose that D scales the tridi- We may now proceed with our proof of Theorem 2.1. For the convenience of the reader, we write out the following matrices:
(These will be useful for reference while working through the results to follow.)
The rest of our proof of Theorem 2.1 will be broken into two parts. One in which we assume that D does not satsify a certain property (Corollary 2.6) and one in which we assume that it does (Proposition 2.7) . We will need the following easy fact:
Observation: Let z , z be complex numbers satisfying z z ∈ R. Then either z = kz for some real k, or z = .
Proposition 2.5. Let A = (a ij ) be a 3x3 real positive de nite matrix with no zero entries, and suppose 
The rst term is of course real, and this means that d (a d + a d ) must be real as well. By the Observation above, this means that either a d
We will consider each of these cases separately.
. Now consider the second column of our matrix: 
for some real (nonzero) k (where the second equality comes from the fact that d is real). Again, we consider the second column: Proof. Let us rewrite our condition in terms of d :
Again let us assume that d is real and positive by multiplying D by an appropriate scalar, if necessary. We consider the rst column of D * AD:
Hence, |d | is xed. As d is real and positive, this xes d . Now consider the third column:
and we have that |d | is xed as well. Lastly, we look at the second column:
Rearranging this, we get the following:
Note that the coe cient on Re(d ) is not zero. To see this, suppose the left side is zero. This means that a a = a a . Substituting this into the right hand side, we obtain the following:
For this to be consisitent, we need the coe cient on |d | also to be zero. This means that a a a = a . But looking back to (1), we see that this cannot be the case. Therefore the coe cient on Re(d ) is not zero.
Substituting the value obtained for d and |d | into (2), we x the value for Re(d ). Given |d | and Re(d ), we have (maximum) two choices for d :
d is of course xed as soon as we have d and d , by our original assumption on D.
Hence, we have maximum two (possibly complex) diagonal matrices D that scale A and satisfy
We can now easily prove Theorem 2.1: Otherwise sc(A) will contain two complex matrices.
Proof. Let us begin by proving su ciency of (1 * ). Recall that the o -diagonal entries of A − can be expressed
As A is positive de nite (and hence has positive determinant), we can thus re-write the condition in (1  * ) as: a kj − a ij a kk ) a ij ≥ .
Now, suppose for the purposes of contradiction that (*) holds, and A has complex scalings. From the proof of Proposition 2.7, we know that (1), (2), and (3) Let us now consider ( * ). Again, suppose A has complex scalings, and hence (1), (2), and (3) hold.
Rearranging (2), we obtain:
Taking the absolute value of (**) and dividing by |d | yields:
Substituting our values in (1) and (3) in for d and |d | gives the right hand side of ( * ). That is, the right hand side of ( * ) is
. If d is to exist and be complex, it must satisfy If neither of our conditions hold, then we will necessarily have 2 complex scalings (obtained by simply lling in the values of (a ij ) into (1), (2) and (3) Now that we have an upper bound on the number of scalings for 2x2 positive de nite matrices (|sc(A)| ≤ ) and 3x3 real positive de nite matrices (|sc(A)| ≤ ), we might be tempted to modify Conjecture 1.2 and suggest a new upper bound on |sc(A)| for n x n positive de nite matrices. Our next section shows that such a bound does not exist for for any dimension higher than n=3.
Real Matrices with in nitely many scalings
In this section, we will show that for n ≥ , there exists a class of n x n real positive de nite matrices C such that |sc(C)| is not nite. 
